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We ob ta in  an e x a c t  so lu t i on  of a s t a t i c  a x i a l l y  s y m m e t r i c  p r o b l e m  of i d e a l  p l a s t i c i t y  with the yon M i s e s  
cond i t i on  of p l a s t i c i t y .  

Le t  r ,  r z be c y l i n d r i c a l  c o o r d i n a t e s ,  l e t  Crracp, a z, r r z  be the  c o m p o n e n t s  of the s t r e s s  t e n s o r ,  l e t  
u and w be the v e c t o r  v e l o c i t y  c o m p o n e n t s ,  and l e t  k be a c o n s t a n t .  The s t r e s s  t e n s o r  c o m p o n e n t s ,  which  
a r e  i n d e p e n d e n t  of ~0, and the  v e c t o r  v e l o c i t y  c o m p o n e n t s  s a t i s f y  the  e q u a t i o n s  

0% fO~rz % - -  c$~ Cg~rz O~z ~rz 
Or "~ ~ -~- r = 0 ,  ~ -~ -~-~z -t- - " ~  = O 

(z  r __  %)2  -t- ( %  - -  Vz )~ -I- (~z - -  %)~ -l- 6"r ~ = 6k  2 (1) 
0 u  u 
O-"r" = ~ L  (2z  r - -  % - -  Zz), - -7-  = L ( 2 %  - - z  z - -  Or) 

Ow Ou Ow 
= ~. (2~ z - -  % - -  % ) ,  ~ "q- ~ = 6La:rz 

Here  )t is  a p o s i t i v e  func t ion .  

We s e e k  a so lu t i on  of the  s y s t e m  (1) in  the  f o r m  

% = a z + % * ,  % = a z + % * ,  % = a z + ~ z *  (2) 

u = u* exp z, w = u~* exp = 

Here  a is  an a r b i t r a r y  c o n s t a n t  and the s t a r r e d  q u a n t i t i e s  depend  only on r .  

F r o m  Eqs .  (1) i t  fo l lows  that  

~rz = - -  I/2ar -]- cr- i  ( 3 )  

w h e r e  c i s  an a r b i t r a r y  c o n s t a n t .  

Subs t i tu t ing  the r e l a t i o n s  (2) and (3) into Eqs .  (1) and e l i m i n a t i n g  k, we ob ta in  a s y s t e m  of o r d i n a r y  
d i f f e r e n t i a l  equa t i ons  fo r  the s t a r r e d  q u a n t i t i e s .  

We c o n s i d e r  the c a s e  a =c  =0 .  F r o m  the cond i t i on  of i n c o m p r e s s i b i l i t y  

~u u 9w 
O-V +-V-  + ~ - z  = 0  

which  fo l lows  f r o m  Eqs .  (1), and the cond i t i on  ~ r z  =0,  we find, a s s u m i n g  tha t  w i s  bounded  fo r  r = 0 ,  

u = A J  o" (r) e x p  z, w = - -  A J  o (r) e x p  z ( 4 )  

[If w i s  not  bounded- fo r  r = 0, a M a c D o n a l d  func t ion  m u s t  be added  in Eqs .  (4).] 

In the  e x p r e s s i o n s  (4) A is  an a r b i t r a r y  cons t an t ,  

.T o" (t) =-- d J  o (t) / dt 

J0 (t) i s  the  z e r o - o r d e r  B e s s e l  func t ion  of an  i m a g i n a r y  a r g u m e n t ,  s a t i s f y i n g  the equa t ion  

td~Jo (t) / dt ~ 4;- dJa (t) /_dr - -  ~3" 0 ( 0  = 0 

and the cond i t i ons  
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.r o (o) = t, Jo" (0) = 0 

Let 

- rJo (r) / ]o'  (r) - / (r) 

Here f ( r )  assumes  a value f rom - 2  to ~ if r var ies  f rom 0 to r We obtain [1], p. 304, 

R 

% / k  = - -  S [J(r)-~ 2]r-lF(r)dr, F ( r ) ~ [ t  4-J(r)-~ J~(r)]-~ 
r 

% / k = % / ~ + [/(r) + 21 F (r) (5) 
Zz/ k = %  / k -~  [2/(r) + 1] F (r) 

where R is an a rb i t r a ry  constant.  

For  R > 0 and A > 0 this solution descr ibes  the plastic flow of a c i rcu la r  cylinder of length L ( - L _  < 
z-< 0, 0-< r-< R), s t r e s s - loaded  at its flat ends according to the law (5), and s t r e s s - f r e e  on its la teral  su r -  
face.  

We r e m a r k  that the sys tem (1), with X eliminated, admits a Lie algebra of opera tors  [2, 3] with the 
basis  

0 ~ 0 0 

0 o o a o 

This a lgebra  is a Lie subalgebra of opera tors  admitted by the sys tem (1). The solution of the fo rm 
(2), and also the solution given in [4], p. 96, are invariant solutions constructed on one-dimensional  sub- 
groups generated by the opera tors  (5). 
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