AN EXACT SOLUTION OF AN AXIALLY SYMMETRIC
PROBLEM OF IDEAL PLASTICITY

B. D. Annin UDC 539.374

We obtain an exact solution of a static axially symmetric problem of ideal plasticity with the von Mises
condition of plasticity.
Let r, ¢, z be cylindrical coordinates, let 0.0, 0z, Trz be the components of the stress tensor, let

u and w be the vector velocity components, and let k be a constant. The stress tensor components, which
are independent of ¢, and the vector velocity components satisfy the equations
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Here A is a positive function,
We seek a solution of the system (1) in the form
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u =u*exp z, w = w* oxp z
Here g is an arbitrary constant and the starred quantities depend only on r.
From Egs. (1) it follows that
Tpp == Yar 4-erm1 3
where c is an arbitrary constant.

Substituting the relations (2) and (3) into Egs. (1) and eliminating A, we obtain a system of ordinary
differential equations for the starred quantities.

We consider the case g =c=0. From the condition of incompressibility
s
which follows from Egs. (1), and the condition Ty =0, we find, assuming that w is bounded for r=0,
w=AJy (rexpz, w= —AJ,(r)expsz 4
[If wis not bounded for r=0, a MacDonald function must be added in Egs. (4).]
In the expressions (4) A is an arbitrary constant,
Jo (D =dJl, (1) / dt
Jg {t) is the zero-order Bessel function of an imaginary argument, satisfying the equation
W (5 /A - dT, (8 /4t — T () = 0.,
and the conditicns

Novosibirsk. Translated from Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, No. 2, pp. 171~
172, March-April, 1973. Original article submitted August 9, 1972.

© 1975 Plenum Publishing Corporation, 227 West 17th Street, New York, N.Y. 10011. No part of this publication may be reproduced,
stored in a retrieval system, or transmitted, in any form or by any means, electronic, mechanical, photocopying, microfilming,
recording or otherwise, without written permission of the publisher. A copy of this article is available from the publisher for $15.00.

291



Jo (@) =1, J, () =0
Let

—rla (/T (D =F(n)
Here f(r) assumes a value from —2 to « if r varies from 0 to ©, We obtain [1], p. 304,

R
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where R is an arbitrary constant,

For R> 0 and A > 0 this solution describes the plastic flow of a circular cylinder of length L. (=L =<
z=0, 0=r=R), stress-loaded at its flat ends according to the law (5), and stress-free on its lateral sur-
face.

We remark that the system (1), with A eliminated, admits a Lie algebra of operators [2, 3] with the
basis
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This algebra is a Lie subalgebra of operators admitted by the system (1). The solution of the form
(2), and also the solution. given in [4], p. 96, are invariant solutions constructed on one-dimensional sub-
groups generated by the operators (5).
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